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Abstract: Uncertainty is a notable feature of the geotechnical ﬁeld. Reliability analysis methods provide a more rational solution than deterministic ones in the presence of the spatial variability of soil properties. Two types of reliability analysis methods were employed in the face
stability analysis of pressurized tunnels in this study: the random variable method (RVM), which ignores spatial autocorrelation of soil parameters, and the random ﬁnite-difference method (RFDM), which considers spatial autocorrelation. In the RVM, the ﬁrst-order second-moment
(FOSM) method was adopted to calculate the reliability index with less computational effort. Then, the computational efﬁciency and accuracy
of the two types of reliability analysis methods were systematically compared through a typical tunnel problem. Further sensitivity studies
using the RFDM were performed to explore the effects of the scale of the ﬂuctuation and autocorrelation functions. The authors found the
probability of failure predicted by the RVM to be signiﬁcantly overestimated because the spatial structure of soil parameters were ignored.
Finally, using equivalent soil parameters instead of realistic ones, the corresponding results predicted by the equivalent FOSM method were
found to be consistent with those of the RFDM, but they required far less computational effort. Thus, the equivalent FOSM method can be
used to efﬁciently predict the stability of the tunnel face in variable soils, and it provides a practical tool for designers. DOI: 10.1061/(ASCE)
GM.1943-5622.0001330. © 2018 American Society of Civil Engineers.
Author keywords: Tunneling; Reliability analysis; Spatial variability; Equivalent soil parameters.

Introduction
The stability of tunnel faces has been a signiﬁcant, challenging
engineering problem due to the spatial variability of soil mechanical properties, and it is increasingly attracting the attention of
numerous researchers. To ensure stability, proper pressure should
be applied to the tunnel face to create a pressurized shield. A collapse failure may occur as a result of an inadequate face pressure,
and, in shallow tunnels, a blow-out failure may occur as a result
of excessive face pressure (Leca and Dormieux 1990). The former failure mechanism might receive more attention because of
its higher probability of being encountered in tunneling. A number of methods have been proposed by scholars and engineers for
the deterministic stability analysis of tunnel faces, for example,
limit equilibrium methods (Broere 2001), limit analysis methods
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(Davis et al. 1980; Leca and Dormieux 1990; Ibrahim et al.
2015), numerical methods (Vermeer et al. 2002; Chen et al.
2011), and experimental methods (Chambon and Corte 1994;
Kirsch 2010), all of which have been widely documented in geotechnical publications. However, among them, one common limitation is that the predicted solutions are obtained under the
assumption that soil parameters are deterministic values, which
implies that the variability of soil properties is ignored.
Reliability analysis using probability methods as described in this
paper provides a logical way to incorporate the previously mentioned variability of soil properties into the analysis.
In recent years, the literature on the stability analysis of the tunnel face considering the variability of the soil parameters with the
aid of the existing probabilistic methods has been limited. Mollon
et al. (2009a) presented a reliability-based approach for evaluating
the inﬂuence of the uncertainty of soil shear strength parameters
predicted by the upper-bound solution of limit analysis on the stability of the tunnel face. Probability analysis was also carried out
using the response surface method (RSM) (Mollon et al. 2009b) and
the collocation-based stochastic response surface method (CSRSM)
(Mollon et al. 2011a, b). These methods show that the uncertainty
of soil properties has a signiﬁcant effect on the variability of the critical collapse pressure. It should be noted that those methods model
soil properties as a random variable, neglecting the spatial structure
of the soil. To address this problem, random ﬁelds were employed
to describe soil variability, and then the effects of scale of ﬂuctuation of the friction angle on the critical collapse pressure and the
failure mechanism were studied (Mollon et al. 2011c). Moreover, a
new failure mechanism for tunnel face stability was proposed taking
the spatial variability of soil parameters of friction angle into
account (Mollon et al. 2011d). In a practical example, the critical
collapse pressure in Line 3 of the Tehran subway in Iran was evaluated using the Monte Carlo strategy with a limit equilibrium
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solution, and the results were found to be in good agreement with
the ﬁeld data (Eshraghi and Zare 2015).
As previously described, the signiﬁcant inﬂuence of the uncertainty of soil properties on the reliability of pressurized tunnels can
be observed by using available probability methods. However, the
results predicted by those methods differ mainly because the
employed models describe the variability of soil properties.
Meanwhile, probability methods can generally be categorized into
two groups based on the theoretical models of soil properties they
employ: the random variable method (RVM) and the random ﬁeld
method (RFM). The RVM, as the name suggests, considers soil parameters as pure random variables and can provide a brief description of the uncertainty of the soil parameters. However, the RVM
provides an insufﬁcient description of the randomness and autocorrelation of soil parameters at different points in space. To address
that, Vanmarcke (1983) put forward the use of a random ﬁeld to
describe the spatial variability of soil properties. On this basis, multiple probability methods incorporating numerical or analytical
methods for geotechnical problems have been well documented,
including the random ﬁnite-element method (RFEM) (Fenton and
Grifﬁths 2008; Grifﬁths et al. 2009; Huang et al. 2010), the random
ﬁnite-difference method (RFDM) (Chenari and Alaie 2015), and
the stochastic response surface method (SRSM) (Jiang et al. 2015).
However, little research on the application of these probabilistic
methods to the reliability of tunnel face stability has been reported.
The present paper describes the employment of the RVM and
RFDM to assess the reliability of pressurized tunnels. Note that in
the RVM, the performance function of tunnel face stability can be
constructed using either the existing analytical solution proposed by
Leca and Dormieux (1990) or the ﬁnite-difference analysis based
on the RSM and that the ﬁrst-order second-moment (FOSM)
method is then adopted to calculate a reliability index. In the
RFDM, a procedure for the reliability analysis based on Monte
Carlo simulations (MCSs) is presented to compute the distribution
of the resulting critical collapse pressure. This paper is organized as
follows. First, reliability analysis of tunnel face stability based on
the RVM and RFDM are described in detail and the main procedures are presented. Then, a comparison of the results is presented
and the differences between the two types of methods with regard to
the statistics of critical collapse pressure and probability of failure
are identiﬁed. In addition, a series of parametric studies carried out
to explore the inﬂuence of the autocorrelation structure of soil parameters using the RFDM are described. Finally, an equivalent
FOSM method is presented and discussed to address the high computational effort required by the RFDM.

a stable region, and a g(x) = 0 indicates the limit state boundary. It
should be noted that the performance function of Eq. (1) is available
for the collapse failure of tunnel face caused by inadequate face
pressure. In terms of the calculation of s c, the upper-bound limit
analysis method and the numerical analysis method are two commonly used methods. As previously mentioned, there are two different procedures to determine the performance function of tunnel face
stability when soil parameters are assumed to be random variables.
First, the performance function can be derived simply with the aid
of the upper-bound solution proposed by Leca and Dormieux
(1990), and reliability analysis is performed using the FOSM
method. Second, the RSM is employed to ﬁt the performance function based on a series of ﬁnite-difference analysis. Thus, to better
clarify the methods we used, we refer to the result predicted by the
former procedure as RVM-I, and the result predicted by the latter
procedure as RVM-II. The key steps in the reliability analysis of
RVM-I and RVM-II are to determine the reliability index using the
FOSM method and to build the performance function using the
RSM. These steps are described herein.
First-Order Second-Moment Method
The FOSM method uses a Taylor series expansion to evaluate the
performance function of a system, together with the ﬁrst two
moments (mean and standard deviation) of random variables. It is a
relatively simple probability method of including the impacts of
uncertainties of random variables. Because the FOSM method is
widely used in geotechnical applications, it is worth describing its
main procedures here.
Taking Y = g(x) as the performance function and x = (x1, x2,…,
xn) as a vector including n random variables with the mean m x and
standard deviation s x and provided that the point x = (x1 , x2 , …,
xn ) locates on the limit state boundary, the performance function g
(x ) = 0 in other words. The Taylor series expansion of g(x) up to
the ﬁrst order at the point x , which locates on the limit state boundary, can be written

n 
X

∂g 
Þ
ð
xi  xi
(2)
Y ¼ gðxÞ ¼ g x þ
∂x
i x
i¼1
where ∂g=∂Xi donates the partial derivatives taken at the x point.
The mean m Y and standard deviation s Y of Y can be approximated as

n 
X

∂g 
(3)
m Y ¼ gðx Þ þ
m xi  xi
∂xi x
i¼1
i

Overview of Reliability Analysis of Tunnel
Face Stability
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Performance Function
In considering the uncertainty of soil properties, reliability theory
based on statistical probability is considered to be a more appropriate tool when compared with the traditional deterministic method.
Using the deﬁnition in slope stability, the performance function g(x)
for the collapse failure problem of the tunnel face can be expressed
as follows:
gðxÞ ¼

st
1
sc

(1)

where s c = critical collapse pressure; and s t = uniform face pressure. A g(x) < 0 represents an unstable region, a g(x) > 0 represents
© ASCE

(4)

i

Then the reliability index b used to represent the degree of
uncertainty of random variables is expressed as follows:
 
n
P

∂g 
gðx Þ þ
m xi  xi
i¼1 ∂xi xi
m
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b ¼ Y¼
(5)

2 ﬃ
sY
n
P
∂gðxi Þ
2
s xi
∂xi
i¼1
The corresponding failure probability Pf is approximated with
the following equation:
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Pf ¼ 1  Uð b Þ

(6)

However, it is difﬁcult to impossible to calculate the analytical
partial derivatives for practical application in geotechnical engineering. Usually, the ﬁnite-difference method is used. With a small
change in xi, the partial derivatives are as follows:
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∂gðxi Þ gðxi þ Dxi Þ  gðxi  Dxi Þ
¼
; i ¼ 1; 2; …; n
∂xi
2Dxi

(7)

where Dxi ¼ ks xi ; and k = assumed coefﬁcient.
One potential inadequacy of the above algorithms is that they
are available only in cases where the uncorrelated variables have a
normal distribution. However, in practice, we generally need a
handful of correlated and nonnormal variables. Thus, simple equivalent transformation techniques are required in order to obtain
equivalent normal means and equivalent normal standard deviations
(Hasofer and Lind 1974).
Response Surface Method
The RSM is employed to ﬁnd an approximation of the performance
function to replace the analytical solutions. The approximate performance function g(x), including the supposed variables, will be
assumed ﬁrst. The validity of the RSM depends mainly on the selection of the performance function and design points. Following the
suggestion by Zhang et al. (2015), the performance function based
on a second-order polynomial function can yield good convergence
and accuracy, along with reduced computational efforts. Therefore,
this performance function has been employed in the present study
gðxÞ ¼ λ0 þ

n
X

λi xi þ

i¼1

n
X

λiþn x2i

(8)

i¼1

where l = coefﬁcients of the quadratic parameter; and 2n þ 1 =
number of coefﬁcients l when there are n random variables
involved. It should be noted that there are no cross terms in Eq. (8).
In order to determine 2n þ 1 unknown coefﬁcients, 2n þ 1 trial
design points should be assumed. In general, a central point ( m x1,
m x2,…, m xn) and other 2n points ( m x1 6 as x1, m x2,…, m xn), ( m x1,
m x2 6 as x2,…, m xn),…, and ( m x1, m x2,…, m xn 6 as xn) can be
ﬁrst evaluated. The parameter a represents the range of trial design
points, s represents the standard deviation of the variable x. A
larger a can result in a low ﬁt degree, and the intended design point
may not be included for a smaller a. In general, a = 2 can be
assumed. With the aid of the numerical method, the values of the
performance function g(x) are calibrated. Then, unknown coefﬁcients l can be obtained by solving Eq. (8). In this paper, the ﬁnitedifference method has been adopted, as previously mentioned, and
a stress control method is used to evaluate the critical collapse pressure (Mollon et al. 2009a). The reliability index can be generally
estimated using the above FOSM method once the performance
function is formulated. Meanwhile, the corresponding design point
x is obtained. A new central point can be written
Xc ¼ m x  Gð m x Þ

m x  x
Gð m x Þ  Gðx Þ

(9)

The other 2n points can also be deduced. With these new trial
design points, b can be recalculated. The procedure is iterated until
the tolerable error of b is less than 0.01. Three to ﬁve iterations of
the response surface will reach a converged b and design point as
© ASCE

usual. Finally, substituting the converged b into Eq. (6), Pf can
also be obtained.

Random Finite-Difference Method
Soil properties exhibit natural uncertainty, including spatial randomness and spatial structure. The methods of simple random variables neglect the spatial autocorrelation structure of soil properties.
In this respect, Vanmarcke (1977, 1983) proposed a new method
for modeling the natural variability of soil properties based on random ﬁeld theory. The principle of the method is to use the mean,
standard deviation, and probability distribution function to describe
the uncertainty and then to establish the relationship between the
point variability and the space variability by the variance function.
Meanwhile, the concept of the scale of ﬂuctuation u is deﬁned to
quantify the spatial correlation of soil properties. Simply, if the distance between two points is less than u , the two points show strong
correlation; if the distance is larger than u , one can count on them
with almost no correlation. In addition, soil properties exhibit anisotropy between the horizontal and vertical direction due to the process of deposition, and the scale of ﬂuctuation in the horizontal
direction is much larger than that in the vertical direction (Hicks
and Samy 2002; Jiang et al. 2015; Chenari and Alaie 2015).
There is a variety of methods for generating random ﬁeld models. The covariance matrix decomposition method (CMDM) was
employed in this paper for its high accuracy and nice adaptability to
generating anisotropic random ﬁelds. The most important step of
the CMDM is the construction of the covariance matrix. Let variables ti and tj, i, j = 1,2,…, n, indicate discrete points in the space. t ij
indicates the distance between the two points ti and tj. Then, the covariance matrix Cnn can be established by the correlation coefﬁcient of any two points, including n  n points. The correlation
coefﬁcient can be calculated by the autocorrelation function. The
covariance matrix Cnn is symmetric and positive deﬁnite, Cij
indicates the correlation coefﬁcient between ti and tj. Cnn is
equal to the product of a lower triangular matrix Lnn and an
upper triangular matrix Unn by the Cholesky decomposition
C ¼ LU ¼ LLT

(10)

where LT = transpose of the lower triangular matrix, U = LT.
An autocorrelated standard normal random ﬁeld Z is obtained by
Z ¼ LY

(11)

where the vector Y consists of a sequence of independent standard
normal random variables. Random ﬁelds can be obtained with
repeatedly randomly generated Y. To obtain random ﬁelds following other distributions, a simple transformation is needed.
Besides the exhibited autocorrelation, cross-correlation also
exists among soil properties. Tang et al. (2013) summarized coefﬁcients of cross-correlation between cohesion and the friction
angle reported in previous studies, and found a negative correlation between them. Thus, the procedure of generating the crosscorrelation random ﬁeld is illustrated based on the CMDM as proposed by Fenton and Grifﬁths (2003).
The reliability analysis of the tunnel face carried out by the
RFDM needs to have repeated calculation of the face stability
within the framework of Monte Carlo strategy. A probabilistic numerical procedure of the RFDM is adopted. The critical support
pressure s c(xi) will be obtained for each random ﬁeld, i = 1, 2, …,
N, and the failure probability of tunnel face Pf can be expressed as
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Results of the analysis. Statistics of output parameters are
obtained based on the probability methods.

Comparison of Three Reliability Methods
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Difference of the Results between Two- and
Three-Dimensional Tunnels

Fig. 1. Flow chart of the RFDM for a reliability study of a tunnel face.

Pf ¼

N
1X
I Fs s c;det < s c ðxi Þ
N i¼1

(12)

where s c,det = deterministic solution of the critical support pressure
under the mean of soil parameters; and Fs = factor of safety. The
product of Fss c,det is used to identify the support pressure of tunnel
face s t. I[·] shows the indicator function. When Fss c,det < s c(xi),
I[·] is 1, otherwise 0.
In the RFDM, available ﬁnite-difference code FLAC3D is utilized for the reason that the random ﬁeld can be conveniently transformed to the ﬁnite-difference mesh with the aid of the let-in FISH
code in FLAC3D. Fig. 1 shows a ﬂow chart of the process of the
probabilistic procedure, and the details of the procedure are introduced as follows:
• Statistics of soil properties. In general, to generate random
ﬁeld, statistics (e.g., mean, standard deviation, scale of ﬂuctuation, and cross-correlation coefﬁcient) are evaluated with the
aid of observation techniques. Furthermore, the distribution of
soil properties and correlation (autocorrelation and cross-correlation) function affecting the response of geotechnical structures should also be assumed.
• Generating random ﬁelds. According to the statistic characteristics of soil parameters, random ﬁelds can be generated by the
CMDM. Random ﬁelds can be multiple realizations for given
input parameters within the framework of the Monte Carlo
strategy. This step can be achieved by Matrix Laboratory
(MATLAB) software.
• Mapping. The generated random ﬁelds can be mapped to the
ﬁnite-difference mesh with the let-in FISH language in
FLAC3D. In this paper, the properties of each element are reassigned to achieve higher accuracy.
• Stochastic analysis. For each random ﬁnite-difference model,
a stress control method is used to establish the critical collapse
pressure as in the RSM. It is well known that the accuracy of
failure probability increases with an increase in the number of
MCSs. However, more computational costs will be required
due to more simulations. The choice of 1,000 times is determined to obtain sufﬁciently accurate results in this paper.
© ASCE

The reliability analysis of face stability is based on the threedimensional (3D) tunnel by means of traditional probabilistic
methods, such as the FOSM method, which usually requires less
computational effort. However, MCS is required for uncertainty
propagation and reliability analysis in the RFDM, which usually
needs to perform repeated calculations of over a thousand times
to achieve the required accuracy and takes thousands of hours or
even longer to complete a set of parameter analysis. In view of
this, the tunnel model is usually simpliﬁed as a plane strain problem in the RFDM. Taking the 3D tunnel in the references (Mollon
et al. 2009a, 2011b) as an example, the diameter of tunnel is 10 m,
the cover is 10 m, and the mesh discretized by ﬁnite-difference
software [shown in Fig. 2(a)]. In addition, a simpliﬁed 2D numerical model is given in Fig. 2(b). The 3D model is divided into
57,120 hexahedral elements, and the 2D model into 7,200 quadrilateral elements. Shell structural elements are adopted to simulate
the lining after excavation in the 3D model, whereas ﬁxed horizontal and vertical displacements of the top and bottom elements
of tunnel are used in the 2D model (Lu et al. 2014). It should be
noted that the size of the 2D and 3D numerical models employed
is sufﬁcient to ensure that these boundaries do not affect the critical support pressure. In order to compare the differences between
the 2D and 3D model in the stability analysis of tunnel face, we
refer to the values of soil parameters with an elastic modulus of
240 MPa, a Poisson’s ratio of 0.3, the unit weight of 18 kN/m3,
and cohesion of 0 kPa.
Fig. 3 shows the relationship between the critical support pressure and friction angle. To compare the results of the 2D and 3D numerical models in detail, soil friction angle was varied from 20 to
40°. Note that the critical support pressure increases with the
increasing friction angle of soil, as expected. Moreover, it is found
that the critical support pressure of 2D is higher than that of 3D.
This implies that the stability of the tunnel face would be underestimated when the 3D effects are ignored. If the tunnel is assumed to
be the plane strain condition, the critical support pressure is overestimated by 1.8–2.0 times. Meanwhile, by comparing the results in
Fig. 3 with the upper-bound solution of limit analysis in Mollon
et al. (2010, 2011d), we ﬁnd that the results are in good agreement,
and the validity of the numerical method used in this paper is also
proved.
In order to remove the difference caused by the model assumption among three probability methods, a dimensionless critical support pressure is deﬁned with the expression

s c ¼ s c ðxi Þ=s c;det

(13)

In Eq. (13), to create a constant state of s c ¼ 1 when the variability of soil parameters is not considered, and s c;det is chosen in
three probability methods based on their models assumed.
Coefficients of Variation
In the probabilistic analyses, cohesion and friction angle were
assumed to be log-normally distributed with means 7 kPa and 17°,
respectively. Two independent random ﬁelds were used to describe
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Fig. 2. Tunnel geometry and ﬁnite-difference mesh: (a) 3D; and (b) 2D.

their spatial variability, and the exponential autocorrelation function
was considered. No cross-correlation between the shear strength
was considered for the sake of simplicity.
Figs. 4(a and b) compare the mean of dimensionless critical support pressure predicted by the three probability methods (i.e.,
RVM-I, RVM-II, and RFDM) for the case where the coefﬁcients of
variation of the shear strength Cov(c) and Cov( w ) are varied in the
range [0.1, 0.2, 0.3, 0.4] and [0.05, 0.1, 0.15, 0.2], respectively. In
these ﬁgures, scales of ﬂuctuation in the horizontal and in the vertical are 20 m and 2 m, respectively. These ﬁgures indicate a signiﬁcantly smaller difference between the random variable methods and
the random ﬁeld method. The means predicted by RVM-I and
© ASCE

RVM-II remain constant with the increase of Cov(c) and Cov( w )
and are the same as the deterministic result, whereas the results of
the RFDM increase gradually, implying that the stronger variation
of c and w leads to the higher support pressure required in an average level. This phenomenon can be explained by the fact that the
RFDM incorporates the autocorrelation structure of the soil parameters and then the strong and weak zones appear in each random
ﬁeld. The effect of weak zones in the face stability is generally more
pronounced than strong zones, which results in the slightly lower
means found with than the deterministic method. Moreover, the
means are more sensitive to the variation of the friction angle than
that of cohesion.

04018184-5

Int. J. Geomech., 2019, 19(1): 04018184

Int. J. Geomech.

Downloaded from ascelibrary.org by HUNAN UNIVERSITY on 03/20/19. Copyright ASCE. For personal use only; all rights reserved.

Fig. 3. Comparison of the results between 2D and 3D numerical
models.

Similarly, Figs. 5(a and b) compare the coefﬁcient of variation
of dimensionless critical support pressure associated with the
same soil parameters used in Fig. 4. In general, greater variations
in dimensionless critical support pressure were observed in the
layers characterized by greater coefﬁcients of variation of shear
strength. Moreover, the results of the RVM-I and RVM-II are
highly consistent, and smaller variations determined by the
RFDM are compared with the greater variations determined by
the two random variable methods. It is worth noting that this difference in variation might lead to a remarkable difference in the
probabilistic assessment of the stability of tunnel face caused by
the theoretical models of soil properties. Unfortunately, little
attention has been paid to this difference in previous studies. In
addition, all the results of the reliability analysis from the comparative analysis show that the inﬂuence of Cov( w ) on the statistics
of critical support pressure is more signiﬁcant than that of Cov(c),
which is consistent with the results obtained by Mollon et al.
(2011a).
Figs. 6 and 7 illustrate the variation of probability of failure
with Cov(c) and Cov( w ) in respect to various factors of safety
(Fs = 1.00, 1.05, 1.10). The probability of failure predicted by the
RVM was determined using the product of Fss c,det to identify the
support pressure s t in Eq. (1), and the probability of failure predicted by the RFDM was determined by substituting the corresponding Fs into Eq. (12). As previously stated, s c,det was determined using three probability methods on the basis of the selected
analytical or numerical models. The case of Fs < 1.0 was not considered herein because the tunnel face with a Fs<1.0 is rarely stable in geotechnical engineering practice. Comparing Pf under different Fs, we can also ﬁnd that the greater Fs, that is, the greater
the support pressure acting on the face, corresponds to the smaller
calculated Pf, which is as expected. On the other hand, as we can
see from Figs. 6(a) and 7(a), when the support pressure acting on
the face is equal to the deterministic solution, the Pf predicted by
RVM-I and RVM-II remains at 50% with the increase of Cov(c)
and Cov( w ), whereas the Pf calculated by the RFDM increases
slightly, mainly due to the variation of the mean of critical support pressure (Fig. 4). Comparing the results of the three methods,
we can conclude that RVM-I agrees well with RVM-II, but the
probability of failure obtained by the RFDM is signiﬁcantly
smaller than that of the RVM-I and RFDM for the case of an
Fs > 1.0. This result is reasonable because the RFDM takes into
consideration the local average effect of soil parameters, which
signiﬁcantly reduces the scatter of critical support pressure in
probabilistic analysis.
© ASCE

Fig. 4. Inﬂuence of the coefﬁcients of variation of cohesion and friction angle on the mean of dimensionless critical support pressure:
(a) coefﬁcient of variation of cohesion; and (b) coefﬁcient of variation
of friction angle.

Coefficients of Cross-Correlation
In order to investigate the effects of cross-correlation of the shear
strength, we calculated and analyzed the probability of failure for
the different coefﬁcients of cross-correlation, respectively, as
shown in Fig. 8. In this ﬁgure, coefﬁcients of variation of c and w
are set to 0.2 and 0.1. Fig. 8 shows that the probability of failure
decreases gradually with the decrease of r c,w from 0 to –0.75. This
implies that when ignoring the negative correlation of c and w , the
calculated results of the face stability is considered to be conservative. However, the effect of cross-correlation is seen to be not particularly signiﬁcant. The discrepancies among the three methods in
terms of cross-correlation of the shear strength are less notable
when the differences caused by the variability of the shear strength
are eliminated.

Sensitivity Analysis Using the RFDM
In the RFDM, random ﬁelds are used to describe the uncertainty of
soil parameters, and the two statistics, scale of ﬂuctuation and autocorrelation function, are added and compared with random variables. Therefore, probabilistic parametric studies are also presented
to investigate the effects of the two statistics on the reliability of tunnel face separately.
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Fig. 5. Inﬂuence of the coefﬁcients of variation of cohesion and friction on the coefﬁcient of variation of dimensionless critical support
pressure: (a) coefﬁcient of variation of cohesion; and (b) coefﬁcient of
variation of friction angle.

Effects of Scale of Fluctuation
By assuming the exponential autocorrelation function, Figs. 9(a and b)
show the variation of the mean of critical support pressure under
different scales of vertical ﬂuctuation (d v = 1, 2, 3, 4, 5 m) and
scales of horizontal ﬂuctuation (d h = 5, 10, 20, 40 m), respectively. Fig. 9(a) shows that the mean predicted by the RFDM
increases linearly with the increasing d v. Note that the mean also
increases with d h but at a reduced rate. This implies that the critical support pressure of tunnel face is not only attributed to the
magnitude of scale of ﬂuctuation but also its direction. Figs.
10(a and b) provide the inﬂuence of d v and d h on coefﬁcients of
variation of critical support pressure. It is observed that coefﬁcients of variation increases gradually with the increase of d v
and d h, whereas the increment of that is minor for d h. Therefore,
we can conclude that the critical support pressure is more sensitive to the change of scale of vertical ﬂuctuation.
The relationship between the probability of failure and the scale
of vertical ﬂuctuation under different Fs is shown in Fig. 11. With
increasing scale of vertical ﬂuctuation, Pf also increases gradually
as predicted by the RFDM, whereas for different Fs the increment
of Pf makes a difference. For Fs = 1.0 and 1.1, as shown as Figs.
11(a and c), a slight increase of Pf is obtained from d v = 1 to 5 m.
For Fs = 1.05, as shown as Fig. 11(b), a signiﬁcant increase of Pf is
obtained. In addition, comparing the probability of failure calculated by the three methods, we can ﬁnd that when Fs = 1.0, Pf
© ASCE

Fig. 6. Inﬂuence of the coefﬁcients of variation of cohesion on the
probability of failure: (a) Fs = 1.00; (b) Fs = 1.05; and (c) Fs = 1.10.

remains at 50% or so. Then, the Pf obtained by the RFDM decreases
signiﬁcantly with the increase of Fs, whereas the Pf obtained by
RVM-I and RVM-II decreases only slightly. Taking d v = 1 m as an
example, when Fs increases from 1.0 to 1.1, the corresponding Pf
decreases from 54.4, 50, and 50% to 0.6, 34, and 36%, respectively,
in these methods.
Figs. 12(a–c) show the relationship between the probability of
failure and the scale of horizontal ﬂuctuation. Note that a minor
change occurs in the probability of failure under different Fs with
the increase of the scale of horizontal ﬂuctuation. This implies that
the effect of scale of vertical ﬂuctuation on the slope reliability is
much more signiﬁcant than that of scale of horizontal ﬂuctuation,
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Fig. 8. Inﬂuence of the coefﬁcients of cross-correlation between cohesion and friction angle on the probability of failure: (a) Fs = 1.00;
(b) Fs = 1.05; and (c) Fs = 1.10.
Fig. 7. Inﬂuence of the coefﬁcients of variation of friction angle on the
probability of failure: (a) Fs = 1.00; (b) Fs = 1.05; and (c) Fs = 1.10.

which is consistent with the observation in the literature on the slope
reliability (e.g., Ji et al. 2012; Li et al. 2015). In summary, for the
case Fs > 1.0, the probability methods of considering soil parameters as random variables (i.e., RVM-I and RVM-II) will overestimate the probability of failure signiﬁcantly compared with the
RFDM.

2015). In general, there are three types of autocorrelation functions
in common use: triangular, exponential, and Gaussian autocorrelation functions. Their expressions are as follows:
Triangular autocorrelation function
8


t
tz
>
>
< 1 x
1
dx
dz
r ðt x ; t z Þ ¼
>
>
:
0

Effects of Autocorrelation Function

Other
(14a)

Because of a limited number of site observations available, the theoretical autocorrelation functions are usually employed (Li et al.
© ASCE

If t x  d x and t z  d z

Exponential autocorrelation function

04018184-8

Int. J. Geomech., 2019, 19(1): 04018184

Int. J. Geomech.

Downloaded from ascelibrary.org by HUNAN UNIVERSITY on 03/20/19. Copyright ASCE. For personal use only; all rights reserved.

Fig. 9. Inﬂuence of the scales of ﬂuctuation on the means of critical
support pressure: (a) scale of vertical ﬂuctuation; and (b) scale of horizontal ﬂuctuation.

 

tx tz
r ðt x ; t z Þ ¼ exp 2
þ
dx dz
Gaussian autocorrelation function
"

t x2 t z2
r ðt x ; t z Þ ¼ exp p
þ
d x2 d z2

(14b)

!#
(14c)

At the given scales of ﬂuctuation (i.e., d h = 20 m, d v = 2 m),
Fig. 13 illustrates the variation of probability of failure calculated
by the above three autocorrelation functions with the increase in the
factor of safety. In Fig. 13, the probability of failure as calculated by
triangular and Gaussian autocorrelation functions is close, and the
probability of failure as calculated by the exponential function is
slightly smaller than the other two, which coincides with the results
of slope reliability analysis by Li et al. (2015). Despite that, the
autocorrelation function is not considered to be a signiﬁcant factor
in the stochastic behavior of face stability of tunnel if the scales of
ﬂuctuation are identical.

Discussion
The results show that deterministic analysis in which uncertainty of
soil shear strength is ignored will result in an overestimate of the
reliability of the tunnel face when the Fs >1. Parameters studies
demonstrate that the effects of the coefﬁcient of variation and the
© ASCE

Fig. 10. Inﬂuence of the scales of ﬂuctuation on the coefﬁcient of variation of critical support pressure: (a) scale of vertical ﬂuctuation; and
(b) scale of horizontal ﬂuctuation.

scale of ﬂuctuation of the shear strength are signiﬁcant, whereas
those of the coefﬁcient of cross-correlation and autocorrelation
function are seen as being not particularly large. As a consequence,
signiﬁcant differences are predicted by the three probabilistic methods as caused by the different models used to describe the uncertainty of soil parameters. Results indicate that RVM-I and RVM-II
would lead to a signiﬁcant underestimation in predictions of tunnel
face stability as compared with the RFDM.
In recent years, with the improved understanding of the spatial
variability of soil parameters, it has been widely accepted that random ﬁelds are used to describe the spatial variability of soil parameters, and the corresponding results calculated by methods for reliability analysis of geotechnical problems, such as the RFEM and
RFDM, are more favorable. In fact, random variables can be
regarded as a special case of random ﬁelds, that is, the scale of ﬂuctuation of soil parameters is considered to be inﬁnite. However, a
large number of experimental data show that scale of ﬂuctuation of
soil parameters is usually smaller than scales of geotechnical structures, especially for the scale of vertical ﬂuctuation. However, a
common drawback of the RFEM and RFDM is that repeated calculations of over a thousand times are required in the framework of
the Monte Carlo strategy, which consumes a huge computational
effort. This is why the majority of the research on the reliability
analysis of geotechnical problems is based on a 2D model instead of
a 3D model.
Therefore, a new random ﬁeld based reliability method, namely
the equivalent FOSM method, is developed in this section, considering the advantage in computational efﬁciency of the FOSM
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Fig. 11. Inﬂuence of the scales of vertical ﬂuctuation on the probability of failure: (a) Fs = 1.00; (b) Fs = 1.05; and (c) Fs = 1.10.

Fig. 12. Inﬂuence of the scales of horizontal ﬂuctuation on the probability of failure: (a) Fs = 1.00; (b) Fs = 1.05; and (c) Fs = 1.10.

method. The equivalent FOSM method, as the name indicates,
adopts the uncertainty soil parameters characterized by equivalent
statistics (Grifﬁths and Fenton 2009; Suchomel and Mašı´n 2010;
Luo et al. 2012). In terms of the analytic methods for the stability of
tunnel face, such as the upper-bound limit analysis or the limit equilibrium methods, the critical support pressure depends on the shear
strength of slip surface around the failure block. The shear strength
of slip surface is constant in homogenous soil, whereas considering
the variability of c and w , the shear strength of slip surface is uncertain, and can be expressed by the equivalent soil shear strength ceq
and w eq. In the second-order stationary random ﬁeld, the means of

the shear strength of a local average over a slip surface is the same
as the point value. Then the mean of ceq and w eq can be written as
follows, respectively:

© ASCE

m ðceq Þ ¼ m ðcÞ

(15a)

m ð w eq Þ ¼ m ð w Þ

(15b)

Considering the spatial autocorrelation, the standard deviation
of ceq and w eq can be calculated as follows:
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reduction factor g (T) associated with an average length T has the
deﬁnition

g ðT Þ ¼

2
T2

ðT

ðT  t Þ r ðt Þdt

(17)

0
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where r (t ) = autocorrelation function. However, an analytical solution for g (T) of local average over a higher dimensions domain
would be very complicated and is not currently available, especial
for anisotropic autocorrelation structures. Thus, reasonable simpliﬁcation might be necessary. For the 2D failure mechanism of tunnel
face, g (R) can be approximated as

g ðRÞ  g ðTx Þ  g ðTz Þ
Fig. 13. Comparison of the probability of failure using three autocorrelation functions.

Fig. 14. Comparison of the probability of failure produced by the
equivalent FOSM method, RVM-I and RFDM for Fs = 1.05: (a) scale
of vertical ﬂuctuation; and (b) scale of horizontal ﬂuctuation.

s ðceq Þ ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g ðRÞs ðcÞ

(16a)

s ð w eq Þ ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g ðRÞs ð w Þ

(16b)

where g (R) = variance reduction factor, which lies in the range of
0–1; and R = area of slip surface. In the 1D case, the variance
© ASCE

(18)

where Tx and Tz = horizontal and vertical axial projected length of
slip surface obtained through the upper-bound solution, as developed by Leca and Dormieux (1990). Therefore, the reliability of the
tunnel face can be studied using the FOSM method incorporating
the equivalent soil shear strength, although a smaller variance
reduction factor than predicted by Eq. (18) is employed than the
real one to some extent.
Figs. 14(a and b) provide a vivid comparison of the difference
between the equivalent FOSM method and RFDM in the above tunnel problem. The parameters of two methods are also consistent
with those presented in the section of Sensitivity analysis using
RFDM. As illustrated, the curves produced by the two methods
show a similar shape, but the results produced by the equivalent
FOSM method are slightly smaller in magnitude. One of the primary factors that affect the precision of the probability of failure is
the variance reduction factor simpliﬁcation that we made for the
variance function without considering the increase of the mean of
s c predicted by the RFEM. Another factor that affected the precision is the calculation of the average lengths Tx and Tz. In these ﬁgures, the values of Tx and Tz were calculated based on the deterministic solution without considering the variation of failure
mechanisms caused by the variability of the shear strength. In fact,
the differences between the equivalent FOSM method and RFDM
were relatively insigniﬁcant in the way in which the accuracy of the
equivalent FOSM method was demonstrated. With respect to the
computational efforts, the equivalent FOSM method would be
much more efﬁcient compared with the RFDM. Except for the time
consumed in random ﬁeld generation, the RFDM took 240 s to ﬁnish one numerical analysis on a computer with 8 GB of Random
access memory (RAM) and Intel Core i7 central processing unit
(CPU) clocked at 3.6 GHz. On the other hand, the time required was
less than 1 s for the equivalent FOSM method when the implementation procedure for evaluating the tunnel face stability was compiled in MATLAB code.

Conclusions
The stability analysis of tunnel face is of great signiﬁcance in tunneling engineering. In this paper, three probability methods—
RVM-I, RVM-II, and RFDM—were employed in the reliability
analysis of pressurized tunnels. The inherent spatial variability of
the shear strength was modeled by random variables in the RVM-I
and RVM-II, and also by random ﬁelds in the RFDM, respectively.
The procedures of the three probability methods were introduced,
and the results compared through a typical tunnel problem. In addition, parameter studies were performed to investigate the effects of
the spatial structures of soil properties using the RFDM. The following conclusions can be drawn from this study:
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The main effort of this paper was to inform the difference
between random variable methods and random ﬁeld method
for the stability analysis of tunnel face. Compared with the
RFDM, both the RVM-I and RVM-II predict signiﬁcant overestimates of the probability of failure of the tunnel face. This
beneﬁts from the fact that random ﬁelds adopted in the RFDM
capture the variation and autocorrelation of soil properties
well, which is a disadvantage of the random variables used in
the RVM-I and RVM-II. Such information can provide guidance for the application of probability methods in geotechnical
practice.
The spatial variability of the shear strength has signiﬁcant
inﬂuence on the reliability of tunnel face. The effects of the
coefﬁcients of variation and the scale of ﬂuctuation are signiﬁcant, whereas the coefﬁcients of cross-correlation and autocorrelation functions are minor. The friction angle and the scale
of vertical ﬂuctuation affect the probability of failure more
than cohesion and scale of horizontal ﬂuctuation.
A new random ﬁeld method, namely the equivalent FOSM
method, was presented in the “Discussion” section. In the
equivalent FOSM method, equivalent soil parameters of a
local average over slip surface are calculated based on the variance function. The results produced by the equivalent FOSM
method are demonstrated to be in good agreement with the numerical solutions of the RFDM and capable of simulating the
soil variability propagation. The equivalent FOSM method
provides a new practical tool for the reliability analysis of geotechnical problems because it is far less time consuming in
comparison with the RFDM.
The ﬁndings of current studies, which are simply based on the
respective consideration of the probability of failure, and the
response of the tunnel face in more complex circumstances,
such as tunnel driving in multilayered soils or under the water
table, will be investigated in future studies. Furthermore, the
variance function will be calculated in a more precise manner,
which is worth studying in depth, especially regarding uncertainty parameters following different distributions.
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